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Anotace: Prehledova prednaska o klasickych vysledcich v kombinatorice
a teorii grafu. Prednaska je urc¢ena primarné pro studenty magisterského
stupné, poprt. studenty prvniho ro¢niku doktorského studia.

Sylabus:

1. Klasické vysledky z teorie grafu (Brooksova a Vizingova véta, Tutteho
véta a jeji algoritmicky dukaz).

2. Klasické vysledky z exremélni kombinatoriky (Turanova véta, Ram-
seyova teorie), piiklady netradi¢nich diukazovych technik (pravdépodobnostni
metoda).

3. Nové trendy v teorii grafu (vybiravost grafu, Szemeredi Regularity
Lemma, Removal Lemma), pokrocilé vysledky z extremdlni kombina-
toriky (Hales- Jewettova véta, Gallai-Wittova véta).

4. Prednéska probiha v angli¢ting, cviceni cesky.
Literatura:
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2. S. Jukna, Extremal combinatorics with application in computer science,
Springer, 2001.
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> NN £ et + enkt e g k(L + L1t 4 IR )L
> ”p\”\, . "G“"ilﬁ—'wk( U Adeter - Lkt >

ket
74kt(ﬂ (h)fﬂln"-thl-ivﬂ~ ")\,

Ok G po Not CONIMR|BUTE

Eb(ES

L,

(” )(1 - +2:v€“+£d~— s

A
3|<
7 = ,4 2 h\(k\ FoR wFHUEMTL‘v WRGE . [J
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LECY: 291, HAtEy - YsweTr ™HEOREN
15.3. VAN bER WAERDEN THEOREN
2.4 Gacar - s THEoREN

29.4. HALEs - JewerT © LET A RE A FINITE AgMADET
~wiry L SvnpoLs, r AT A PosIMyE INTEGER .
THEN THERE BETC A POSITWE INTECER n= HW (5t)
004 THAT FOR EVERY cOLOURING A"~ {1, r]
TERE EXISTS MONOCMRONATIC CoNBINATORIAL UINE .

29.%. VAN pER WAERDEN THEOREN : FOR Eympm
POSITWE INTEGERS r AND T THERE ExiTy
A POSIMVE INMEGRR N = W (r t) svey AT
FOR EVERY r- COLOURING. OF {1, .. N} ™ErE
EXISTS A NONOMAOMATIC  ARITMAGET C PROGLRE §S1ON
T Wit t TERNS.

224. Gacar - Wi THEOREN :  [ET VEcTors Or ™
BT FINGTEQ COWRED. THEN EVERY RINITE SUBSET
OF Z™ HAC Nonotqroryn HINOTHETTC cory.




294, PROOF . WE ARE GieN ™ £>0 .
er ni= HI(nt), Nz h(t-1).
A= {0 .., £} 15 Aceuarer

FORTEIERY ¢ T'b(‘n--w‘(n)GA“ DERNIE MAPPINIG
SO =X+ +x, € {0,.., N}

TH'S PAPPIN( INDUCES 4 COLOURINIL OF A
COLOR OF x€ A" 1€ THE (0LOR bR $(x) .
THERE IS A Ropt 77 SUCN TraT

Lo = {1(0),..., Tlt-n} s MONO (HRONAT ¢

f(t)), ..., -0 s MONOCHMRONATLC
MUITMTIENC  PROGRESSION  OF LeneTy  t.

1.9, PROOF . FIRST AX THE NUNMMER OF COLpURY I
AND V= {VO""T Vt-q‘-

LET n:= H')(r,t) | A=V 15 THE aCPHARET
WE DEFINIE  COLoURIN G AP = 79, .
FoR ¥y - LX,,..., x,,\ WE DERINE
CoLouvR OF X1 % ... 4 Xy c zZ" .

THE‘)‘_E IS A RooT 5 S. T. Lr; 1S (‘10\!0(&1900,«77&

(T TI-= {ie H....lv\} \ T; :*i

W= T; = I
Gl A

AFPARENTY] W+ A\ 15 Nonoyromn (.
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LI, HALES - JEWETT THEORER ProoR
INDUCTNON ON & .
&T =0, gy,
N i< Re N rtMZq‘(S}Ni ,

FOR €21 TRinsL .

-

Na ,
N := N/l"':.-‘f A\

. WE WANT 70 PROVE, THAT HI(rt) ¢N.
T A= 10, 441 wND X:ANL 11, ot ]
BE  ANY CcolOURING .

WE Y THAT a be A
a- 019-- a;-.' 0 Qieg -« Ay /
L:m.ua;_, 1% ---an

Ni ;
KT T=T.ot, we(Avlxt) s roor Vi
EENE T@) = T, @) .. Tu(a,) .

CLAIN : TNERE ARE SVtH Ro0TY T
X(T@) )= X (L)) For AL NEIGH

ARE NEIGHROURY IR FoR $ONE {

'~’-I-CV| MT
BORS Q b

PEFINE CoLovriNg X' : (A\{OXY'-) {1.~-.,r\
A¢ X'(a) = X(Tw).
SINCE 1A\ 0} = £-1

AND h = H?(V‘,f"ﬂ,
THERE REX(ST)

4 conbigTVRW/L LINE FOR X'
V= vy o€ (AN} b §s)”




N
TW) = T ... TV 8 A Roor  E @uixn
LET US PROVE TWAT

Lew = { TOLDY) oy TN

5 A CONINATORLAL UNE  For X
SINCE - X' (wh)) = .= X (v(t-Y)
LE X (TWAN) = o= X (Tl )

T JYFRICE 70 SMow T™AY ’T(V(o)) MA) THE SANE (OWUR .

Ik b M&)y OnE  uwlid (arp X, THEN
v(®) AND v (1) Arg Nﬁ(»H"SOUKS

OTNERWUE TNERE IS A SEQueNCE OF NEIGHROYRS
Vo) .. 0..0..0

O ..0..A .
O ..1..1.

0 X(v(o) = X(v(y) |
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CLAIN 1 TMERE ARE RoOTY Tpi-.., T ’C;G(AU X

Sy THAT  X(T(a) = X(T()) For ALL
NEICHROURS A, LE A"

SuPPOSL THAT Ty - Ty ARE DTEEINED
L Do N;
~ DERNE WY - OO.-.DL:L,I‘
K .

' U 4+nai
T Xoi.., XN, BE COLourRmI(y OF A

Xl(( X4 [X28 XLM ((1" .. Yh ) = .)( (Xq \(L,l, \X/k tin (\f.';‘ \ Tb(\{(,‘\\
Uy +h-i ha Liog
NUNRER OF (oloukinge = p= WORDS _ ¢ Lyt 6= N

D 3 k<o X=X .
DERINE T; = 0...0 xx...x44 ... 4

W ‘-——N
5 k S‘k N'-__s

SLPPS YE
a o --- Ai- Oa(-n --- Qg

b: b’l “"93-1'\ b.’u “’V\

XY 2 X (TCon) . T (am) W T T () )<
= X( = )= \X/k —] 1 — \"

~
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SURFALE OF (ENuS D , (G) , CELLULAR ENBEDING,
HIPERGRAPH 1, X(H) H()
PN 21.05.20004%

I LENNMA ON (EWYAR ENREDINI G

. EWLER FORNUA FOR SUREACES + COROL (4R
3 NEAWOOD THE OREN

1 CLONPACTNESS THEOREN

S.FINITE, INFINITR RANSEM THEOREN

1. TR et G ON Sy (6126 <o

F MAas CRLLLWAR EnpepnG AND G € SPANNIN &
WRoraPY or G

9. For Everl G on S ¢ MaL EQUAR ENBED) ny (.
IFv2{Gl, exlicn, § € HE NUNMER OF FACEY
~  Vi§Tet L(4-p)

FOREVER] G ON S9 : e £ Ivi6(V-1)

1 H@) = max X(6) =]t (-++ W)J

#(6) =0

TR H 1) INBINITE HMPERGRAPY wITY FINITE
EDGES , Kk (s PosimuE INTEGER
IF FoR Every FINME H'CH : X(H')¢k
™EN  X(HY 2k

5. Vknp N.<~(n);>k, W 4__((.,):‘.




Loovif- eq2(1-)
PROOF (INDUCTION on D). FOR &=0D  RANAR GRAMHS

ror. Qo Cu\' - V' V+ 1L
tﬂxx; % e‘:e+’c+ Zt
0-’*" ' T+
B NDUCNON V' f' e+ 1(1-)) D \/*'}36*2“‘(9’“)];
CoUNT B (FME,TpeR)  # > W, w2

2¢2 11 : 3e-W+16(1-p)
D e £ Ivi((¥-a) HODS For AL G on Sy

3. HEawood THEOREN : H())- Soax X0 <[ (3eatpm ) |

PROOF OF < L‘CBEO'\IS:,U, vz ] 6).

0(6)ev, deg v = 0 £ 6y t42(%-1)
N cr(c\éd(c)é G+ 1 N

W S(G){- hin {\/ 1’ hn’%‘"_g V=12 (4 h g,\;
2 v a3 1 n(1-3): 0

Viy 2 71043;8(1 2 (VW) S0
2300 £ 103 Hgp) -1

FORSONE weh s d(w\= TT6)  and we APPLY
INDVCDON ONC (-
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4.

ler N :(V.E), V=1{vw -}, E <@
RE INFINITE HYPERGRAPH W'TH FININT EDGEY.
fUPPOSE. THAT  FOR Ruvizre RINITE H'C =y (1) ek,
(ET V.‘ = {V4p.-., v; } ’ DERINE X; A0 {'1,,,,l[(’$ .
COLOURINIL OF H Cv;].

THRAZ W1 A CoLour ¢ $.T.  Xi(w)= ¢,

~  [FOR INFINITEL] MANY - LENL
PREINE  X(y) = ¢4,
ANALOGLOLNY THERE 18 A (OLOWR ¢ ¢ T
Xi (‘i\

=G FoRINE . ANy el, .. T, ¢,
DEFINE  X(y):< ¢, .

ETc.
sureose e e | j'-':""\x{iﬂ/cec;.
FOR INF, MaNM  COLQURING g X e I;

~ XXy, L X () = % (v3)
> %) 12 2.

3. .Vk'”rf’ IN VX/'XlzN
V(%)= AG.on TAC(X): (Mek
Fox  sonE VS = Ne&(n)

Vl(.P \/ (t;:):AqG,.,GAQ 3 INFINITE AS—cu
S.T. (’:)QA: FOR SoNE  te f1,., k]

W ¢~ (w)y .

! °°




W & ()¢ ProOF:
INDUCTYON ONF p. FOR psl TRIMAL.

SUPPOSE p >4 . X: (:’) 5> {1, k} BE 4 COLOVRING.

SET Xy :={ AND DEFINE X(“’\r{;}) @ {11
(0 ) 2= (Xt v,
B1 !NDuCNON  THERE (¢ INFINTE Y ¢ \ I

ST FOR ALy, oy P EYM | Y(“«rn/‘”-\”‘ G4

WE FINlD INFIN TR @) c Yo \ {x)_l s T

X (fxl.l \f'll"‘( ‘fr-‘\ .‘ ) = (1 FOI’\ AL'L {\110‘—1 “’p-i 1 € L((l\‘
-- ETC.

WZ HAE X4 %p,... WITH (ORRESPONDIN 6 COLOURY Gy,
$SONE coLouR < OCTWRY INRNITEW T™ANY TINES

> A: Z)(,' ‘ C;:C} .

Q-

INFINITE. RANSEY 2y FINITE RANSEY - h
FOR EVERT ~ Nimp (ET N (Nin,p) =

() L) 1A (B )

arraRENTl N4 (n)k <& X(H(N.n.r\\ S ko

L&, > W weh) & e X(Hwm ) kK

W ’><(H(w,n,,>)) Sk > Jenme M CH (wurp)
S AT X(H') >k (Fron CONFACUTNE g3
S IN: HNoi) 2K 5 x(HINGm ) ) > k
> N« |

DS ——
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GRAPH TINOR  RELAMVONI,  MINOR, ToPaLoGica L ™MiNOR
PN FOR 12.05.1004%

1.3.3. THE MINOR RERMON] | TOFOLOGI (AL ~MiNg9R
REANON  ARE PARTAL ORDERIN/(¢ §
190 @ EvERT TX 18 AUD AN MY
Y EVERT  TOP.-MNOR OF A (RAPY s ALSO ITS NivoR
Cw R AKX) LY THEN EVERY TIX Conramis Ty
442 A GRAPY ConTAIng K gr Ky 45 A Pinogr
S T OONTAING K5 or Kiy AS A TOPOLOGI (AL NINGR.
Habwi (ER CONDECTURE
DEFINE k\ﬂ\EE, PARTA  k-TREE , TREEWIPT tw(C),
TREE DELoﬂPosrﬂoN, WiDNy OF TREE DE(OMPosIMIN

LEM™M . A 2-TREE cqpy RE (ROWN  FrON BN OF
ITS =D(iES

~CHARAUERIZE L-MEF 5
FROVE 7 Ky € G 2 1 %x(¢) 24

KVMWWS&U DROREN FOR QUMERPUANAR GRAPH S
([GT] EXERCS P 4‘20 (44)3

(147)
SERiES~ PARRUEL Crapqy (L0T]: Ex. §.43 47T )




FOR A Gty X, G (5 AN MX IR THERE

5 A rARPTON [V IxeViY ok V(E) Suem myar
Ve 1€ CONNEcTeEp N G AND x4y eE(x) &

™eRe 15 AN W-W o mpie iy G

Vi ARE caliEDd nrANeH SETS. INTUITWEL X can

AT ORTAINED Frony [ %M CON™ACNNG BRAN(H CETL.

G 8 ATX & G N Re ORTAINED FrRON X

M JURDINSION OF EDLEs OF X, LE. R h
REFLLUNG  EDGES OF X g1 DICYo)nT PATHC.

VERMCES OF X Iy ( ARE CALLED DRAN Y VERTICEL.

X4Y . Xén '
X s Am\lORKOF\{H’ < J6CeY: G s an My .
X o4 K&

TOFOLOGIAL MINOR OF Y &
AGEY: G ie A T)(, LE. Y CONTqIN ¢ SUBDIVSION OF X .
S 18 A PARTYL ORBERING -

N XX 0 XX anp X 8 A X Ror ks §x)

0 XSV b Ygx oy XY “
@ XY D IXILIM & X)Ll
> XI=1v) & Ixli= Dyl

D X{Y D FoR (=Y Goas av Mx
SINCE  IGI=IX] ALl - {vx}
AND X4€EX & % WeE() LE. (¥XD X2V,

XY AVgZ > XK2. H !
X 4Y > HGQ_\‘Y G’S AN ﬁX %
Y42 3 JH c¢7: H s AN MY S

ArFARDNTY WE (AN TKE H'¢H st G x
H' (s AN MG, 1715 Eaxt To EE DAT S
H'e M6 & Gis IX ® Hic MX. g

s

o
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AN PNOR X OF Y (AN BE ORTAINGED  Fron
X 81 PEWENNE VERNCES , DEWENNG AND
ONTRACNNG EP(ES .

I X4Y 5 36CY: G MX. ( can BE OATAINED
FRon Y nYy DELENWNG VERN(EY AND EbGE( ,

X (AN RE OBMINED FRON (G 1y Epse WONITRaMON

" ON ™E OMER HAN : ™ WE DECE ong
VERTEX: EDIE OR IF WE CONWAU An EbLE oOr VY
WE BT V'&Y. TuE RET PeLLopyg FRON  THAT
4 I8 PARTDAL ORDER ING..

L2260 R AKYZY S EvERM MY conmag A TX.
SUPPOSE THAT A(X)

1 AN 6o oany M)
EVERY |,

IS CONNEWtED IN G- |

Vx THERE IS Always A SQuarg VERTE x
THAT RE

TPRESENT  ORANG4 VERTEX FOR TX .

FAXILY S X4 5 X4V,
X3Y 9 IGeY: Gig aw NX >
\c, CONTAINS A TX : IHcE: H s ATX D X4
ON THE OMMER HAND X 4¢V D X4 Y.
XY 9 36EY:GisaTX > 68 AuMX D X4V,




4.9.7. IF G contame k' oor Kiy 4s A PiNgk
> G onmains KE orR Ky At A TOPOLOGIAL NiNOR

SINCE Alka) 23 WE nay ASuNE Trar G CONTA
KE AS A MINOR. LET ke GE SnaUEST f.T
Kis MK.

-~ LET 4 BE ANy

BRANCH S(ET
3 GLW] + Cross-EoLET
- s A TReE T wiy Y
EAES .
\
e
Vx

IF FOR TVER1 x TuEer 1€ welik wWiTH DEGREE Y,
WE MaE FOUND T Kg .
OTHERW ST THERE ARE TWwWoO VERMITS WID-| DEGREL 3

7 APPARENTCT Ky A K S Ky, j\\t K .

HADWIGER CONWCMRE : X@) 2k o K 4 6

k- TREE :

W ks A k-TREE

i) IF G 1s A k-TRee . K< (G 1s a4 k-cuaor
THEN IF WE ADD w T ( aND 9N \T TO
We By A k-TRET,

Gts A LREE &> 16]2 kA AND I ENUNEFAMON
VproVa OF VERTRES OF G §.T. GLv M 1= K
anp Fon AW Ykl 6 Ng, W] = K
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FOR k=2 WE C4Ll Suq ENVNERSTIGN V¥ - Vin
A GROWING OF A )-TREE Fron vy, .

ENMNA: A L-TREE  can gE (ROWN  FRON AN
OF ITS ED(ES.

PROVF (INDVMoN;~ ON lG“ - FOR h=1 TRInAL.
n>) ™wo AsES:

THEOREN : Q-TREES ARE EXACT| EDCE-NAXINAL
GRAPHS WITHOUT [y MiNioR .

sNeE A(ke)=3 Kt 6O K¢ 6

SO 1T SURFICEY To PROVE THAT Q-TREE5 ARE
EDCESTAXINAL GRAPH s WinouT K, Mo PoLe GICAL- NiNOR ,

£ &MY EVERY  )-TREE ' coNmmy AT LEAST TWO

[ NONADDAGENT VERNWUS OF DEcRes ) CONN, R 2 D) . Pamyy

LENM: EvERy 2-TREE s EDCE-MAXINQL  WinqoyT
Ky ToPsLOGIGAL NINOR .

ENMA 3 SUPPOSE Vi, Y, ARE NONADIAGENT W ITH DELREE 2.

B1 NOLETION -V, DOES Nor
Vi @;’ GNTAIN K¢ Tor. miNoR .
n

= cONtAaING Ky TOoR NINOR 3 Wa cannoT OE USED
AS A BRANeH VERTEX, npyr ™MuST BE USED  SONEHOW.
THE ON(C1 POSSIBILITY 1St W, 1S A VERTEX ON A PATH
BETWeEEN TwWO DRANCY  VERTICES, BVUT THB  PATH

ANl RE SHORTENED .TU NIT (ONT{IN Vi .




IE WE ADD AN Ep(E ¢ IT SURRIEy To CoNyIipaR
ONW ™E (AE e =1y, (OTHERWISE INPYCDON)

RVT IN IS cale APFARENT

THEOREN : IF G , |C-IZ(-[, G 13 EDGE-NAX.INAL
W ITMoy T kq TOPOLOGIAL NINOR D) (- 1s 4 2-Trer
PROOF (INDUCTION ) TRIVIAL FoR [Cl=ly, SwPPovE gy .

LeT k=Rk(6). A RE SErARATING SET OF VERMGES, |Al<k.
(WPPARENTM "G 15 NoT  cONRETE GRAPM )

N 1Al223 AT (EasT ] DUDONT U-v FATHS

Fa
R
U v u v
G G

SNCE G-luw) (¢ CONNECTED 2) AT ENT ) fAIRS
OF Pr,p Py ART CONNEUE) B & PaTH

9 CASES: a) 7)
u u d

IN BOTH CAJES wR HAVE Found K, Top. NINOR

1) lAl=)  wE cav AdD B
AN EDWE e

OO ()
. C'1 C'L C'1 e Cl
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3) 1A]=2

OlI®)

k‘

WE PAY ASWNE THAT X4e G, OTMERwisE wrE Cany
ADD THIS ED¢E (X, Y4 CANINOT BR.  RrRANOH
VERTICES OF |, 7op. MiNoR )

PENOTE i = G4A .

APPARENTLT  Gi 15 ED6E-PaxinaL Witdour Ky NINoR
IF WE ADD AN EDGE TO Gi, Kk, Tor. Ningr,
WILL ARGSE IN (. Rur ™Iy NINoR (€ CoNmMINED IN G;.

~ 2 B INDuChgN HYPoE s G

i 18 A 2TReg
AND N RE  (ROWN FROT)  xy | |

THEOREN: 7 Ky 4G = 7 X(0) 2 4

e G260 Epee- MAXINAL WITHOUT Ky M inok
ON ™E Sane SET oF VERMC(CES .

> G s A 2-mreg 2 X432 xX(6)e%.




Komsrowsit Teoren Ror OUTERILANAR CRAPHS :
G 1S OVRERPANAR & G DOES NoT coNmMIN
K4 NOR 3 41 A (ToPoLOGLAL) MNoOR.
PRoOF :

AN

Ly

A MULNGRAPH [§ CALLED SERIES —PARALLE(
IF ™ (AN RE CONJSTRUCTED RECURS I VEWM

FRON A Ky M THE preraMong OF SURDIVIDWI(
AND OF DoviUING Ep(es.

2-ConNECTED (PULTVGRAPH Winqour K. (Tor. )
PINOR 1S SERIES- PARA(LE (.

"3y kg 5 4
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SAMFRBILITY |, FORNuLs , CNF, DN,
PN 23.0Y. 200¢

2-CNF-SAT ¢ P
THEOREN ¢ SAMGFaRILITY oF (ki £5)- SAT

| POoLinwNAL ForR 5 € §(k)
h‘v’l(ﬂﬂ}(k) ’ (k,és)~&4‘)‘ {NP-(OWPLEEFOK 52 (k)

BoUNDS oN §(k)
LovAsa Local LEmny

FORALLA $ N CNFE  CconpuNCTvE NORMAL - FFaRM )
Cb: ‘/:} C; C—i: \/1 {(0 e'3 o {-'Xx
3-
CLAVSULE LITERS

SAT £, J_ONE-SAT

WE ARE ClVEN A FORNULA § AND WE wanT To
FINP A FORMULA 1y 1IN -CNF LT
¢ I+ CANCHARLE & 1\ s SAT)ISRIARLE

FOR INSTAN/ eE (b: ((’(1~> Xz)\/“\(('lkq <‘7><3)V)°., ﬂ/\‘lxg
FIRET WE Bullp A TREL :

CORREJPONIDING TV P

AND To EAGq INNER
VERTEX WE ADD 'NEW
VARWRLE V),




¢ s ™MEN EQuIVAENT To :

Yo A (Ve (A 1x1)\z\
A (Y1$7(Y3V YA
A (19 (x4 %)) A
A (R (9¢)) A
A Lso(vxe))A
A (e (mexy))

11
(b:‘/\ P,  HAS AT nosT 1 wariapiey
(24

EVERT ¥ wk N RERALE  WITH  CONDUN (ThoN
OF AT Most 223 CLAVSUES EAGH WY AT rost
J LITRRALE .

THE WIT JTEP IS THAT WE App ™D NEw WARIABLES pq
o (Lve) REFACE wity (ﬁv(lvr\)/\(ﬁV(zV‘lP)
by (8) RERACE WITH ((vrvq)'\(evPVV])r\((vn\/q\/\((vn\flﬂ).

7 WE OET W IN 3-ONF © EQUvaleNT WITH ¢ In POE.

(k,és)-FoRf\uLA IS A FORNLWY IN CNF,
EACY CLAUSULE HAS k LITERgs AnD
EVERq VARWBLE OCLURS IN AT NoST § CLAUSULES.

FoR EvERY k21 Tueee mxcsvs $) suew Toar

Rk P FoR ¢ < $(k)
(b £)-5am 05 {7 FoR ¢ 30

APPARENT () 2 k¥ g inee RvERT
(k, k)~ FoRNULA IS SATISFIARLE

(FRON NARRIAGE PHEOREN)
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LET Aq...., An BE EvENTy . IF A areg
MUTVALLT RINOINT  TMEN

P(US &) = 4PN > P(NAA) >0

<‘> Z?A P(A.'\ < '1

lF A ARE  MVTUALY INDEPENIDENT THEN

PN A) = TRL(1-PA)) > O < Vit P(ai) < 1.

~ PDEPENIDENIC1 CRAMM OF EVENT( Aq,...’A
GRAFM  WITY  VERD(ES

A;

IS A
Ai'“-' A, / FORP . EVERY ¢

'S INDEFENDENT 1) AL Evenrs v VN N Cai)

[Svasz Locac Lenng :  Ler G RE A DEPEMDEN (4
VRAPM OF RVENTS Agie, Awwing MINgn begre o,

IF FOR ALL T PLAT) ¢p AN pd ¢ g
THEN P(NaA) > 0.
PROOF : BV INpycMon WE MRovE TMAT

~  PA A ALY 2 2p
MoOLD! FOR wm=] . Svrro (E m>A4,
Al 18 (ONNECTED  WiTy Aiey A, kém.

PLAIRC) fﬁ%’,-&‘— , £0

P(A‘l l K‘L AM ) - wk« Km}

P B ) Bin . B

NOMNATOR £ P(Aq | Ava .. &) = P(A4) ¢ p
DENOPNATOR = A=~ P(Uiy A | A A} >

2 A= ZE P(A ] Ay . A 2 B4 WibvcnoN > A 2p (k-1)

SINGE k=Y ¢d “anp  p.4 £y D A 2p(k)2 1024 72 3

2 !,
PA--A)= T (B ]A-AL) 2 () > 0. o




LEnra : ROR W23 (k, 45)-SAT 15 NP
& I NoNgaNFARBLE (K, £<)- FORNYLA.

&) BT Y RE PNMAL NoNsANsFIARE (&, £5)-ForNows |
IR WE RENOVE ANv CLAUSULE Fro

N v WE G6ET
CANSFURLE  FORNUYLA .
- + Ox New VARIANE
‘e —-§§ n
Q{"@\o AP/’ARENM Y 18 IATNRIABLE
v IN EVERY Gy EvaluAanon R
Vx X 1S SET AS TRUE

[T SUFFICRS T JHOW TWAT Eugpy k- CNIF-SAT
FROBLEN  CAN RE REPukd To  (k, 4s5)-IAT PRODLER
(IN POLMINOOBL TNE )

I VY, = X9 %Xy
-)YL\/ XJ = XL:‘)X‘& \’ X1 __: ..,E xk
TRV X D AD K

SA) 2 2 v

THERE  EXaTy A NoveansFiane (&, Z1Y~ ForNULA .
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Lerru: |FA] <€ S

SuPrOSE ¢ Iy (k; ¢¢) - RoruA
(ET US EVALUATE FVERq VARIABLE X A TRVE
WI\TH PRORARIUT 41/2

FOR EVERM{ clusute C; A NDAD EVENT A |
IS THAT ALL LITERALY ARE EVAWATEp Al FAUT

—~

F(A7) :(—%—)k = W

(¢-1).k OTHER CLAUSULES. = d < k(s-1)

P £ kG < R 2y
& :> P(”:«K()>O
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_EXERISES 09101003

§) PERFECT MATTHING OF J- RECUAR GR4py CONITA IN Y
ALCL ™E BRIDGES

& & IF edM > M s Perrecr

= G nihesn,  3ns0e
— ROT'L{ (‘4 A}\]D (l g: e\"‘ eL+4 3'/'4 "'3'\1 < Qe,. 4 Zrz +2
4KE ODD 3(”4-1\ +2 - 2@1 3”1 ~1- qu

> THE1 Do NoT MAVE do-1)415 ley -4z 2
PERFECT MATRH(N( é

EXEACILES {6.10.20p7

1) A FPOJET AN QE COVEREp ™ AT NEsT Kk ANTIGHAWN ]
<) BacH OF 1Ty CMaing  MAC A4 CENGTY ATTOST k.
D) IF THERE 5 A twAIN OF CENGTY ¥ k
EAM ANTICMAIN CAN VSE AT NOST ] VERTEX
OF ™3 Cuan > WE NEgE) MORE THANS k ANTIHAINS
<) FOR EVERM x¢ X DERINE §&)¢ T1,--, k] THE (ENeTH
OF ™E LONGLE(T (MAIN ENpING IN X -
ATFARENTY  ROR EVERY mef‘i....,u )i’“xt {0z m
IS AN ANMMAIN,

~

) No INFINITE. ANTYCRWAIN NO INRINITE CHAIN
NO FINITE NAN[ COLERING (HAING NO FINITE MMN oy, AN.

0




6 Nasy-Wiiany : A PunorAry ConTaivs k  EDLE —
~DISIQINIT  SFANN) G TREES <& EVERY PARNMLN P
OF 1™y ERTEx SET  HAS AT AN k (1P-1) (ROSS~EDGES
EvErtl 2k -Ep6E - OONNE(TED  Goar

H ML bk DVSY. sPan. TR,
EAG{ PARTIMON HAS AT (.

EALY )k CRO\(-EDIE S
e > 2k.P] D e k(mu‘) |

- EXERUsES 2.0 2007

N F rlked S r-REqUAR k-UNIRORN M PERGRAPH
HAS A RICOLOURIN ¢
r

o 0 0O o VERM(r} FRON MARRID GE
)/S i AN THEOREN)

— 1)) (ES € REPP\EJEN Tanry FoR
k

FAMH BD(GE
L) CONSIDER  RANDBON) COLoURING OF VERTICEs (Wi rRoR. )
PR BVER1 MYPEREDUIE H;¢E  WE MAVE 4 BAD EVENT
A; / P(A}): 2—-21r- = 24"\

Ni W3 connoy vERNMICES  imy

AT MOyT
k(1) O™MER  HarEREDES % d £ k. (o1 |
Now p.d 4 EL:*,D < : ForR ¥ & Q-Jj
s 2 b k
>

CON&lDEg A GMPH WiTH Zk VERT (T
AND ALl (%) k-EpeEs.

APPARENTIT  THERE |5 No B\ (0LouRIng

r= ’lkk.-14) LE. nk)¢ (2‘(1:1)
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MENGER THEOREN : FOR ARBCV(() ThE maxinun
NVORER - OF DISTOINT  A-D PAnMt It EQLAL o

THE MININAC- CARDINAUTY OF A VERTEX SET X
SEPARATINIG A Fron R

EXERCISES 30.00.200%

N LET TGl 2 ket (5 1y k~-CONNECED < ¥ €, T¢ V(¢
ISI=171=k  ™ERE Are & DISQOINT ST PATH3 .
~XY T STEY(6) L IS)=IT)<k.  For EVERY X<V (b))
X4k G=X s (ONINECTED ~ AND  CONTRIN AT
(EAST ONE VERTEX FRON § AND ONE FRON T.
&) SurosE THERE IS A4 s X < V() X | <k
$ 7. (G-X 13 D1$ COMNECTED,
DIFFRRENT CONPONENTS.
LET - §Tev(e, 1S1=ITIsk,  ueS, ugT, veT, vy s,
IF ™HERE  ARE  k DIcQuNT  §-T PATHY =

—

S CANNOT RE SEPARATED ®Ron T oty X y .

U, v ARE FRON

~

G k-conne crep CRAPN WINY AT (Ea5r 2k VERT (&S

Er C RE e CoNGEST CICUE IN G- suprose |C|<2k.
LT ve G-C . onee dW > 3@ 2 AG) S k() =k
AND  ICT 2 3(6) +1 2 k(6)+1 - k+A

THERE  ARE AT (BASY bk bissaint N = V(C) Pame
LE. k v~V rAN.

C SINCE  |C142x THERE ARE TwoO
X NE(CHRVRS vy, e €C  ConNE OTED WITH v
2 ( caN BE PR0LONGED Y .




THERE  ARZ ARDTROR|Yy LARGE k~CoONNEUED  (RAMHE
W™ Np CHUE OF L(ENg™ > k.

CONSIPER  BIPART)TS. GRAPH
N

L—'W‘—'—’
k

J)  EvERM k-UNKED GMPY 10 (2kA1) ~coNNECTED

SUPPOSE  (; 18 k-LINKED , V.E. |G]Z2)K
AND  XEV(6), IX|< -1 SEPARATES 9 VEEDCES 4 v.

1S NoT POSSIRLE
To CNNEO™ U wing v
v AND U Wiy Vv

WE MAY AMWVOE T™HAT IX)=9L-7 .

G- Kok g s |<°UNKED, BuT NoT- 2k - CONNEUTD |
sSiINneE - 0(G) = k-1 2 NG > k(6.

WE MA1 RERAE ONE VERTEX

oF kzLJo,sz\
wity K" GRAPH ¢ n 2 2k
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EXERCISES 06112007

1) S\’Pfoar A Uy Exacmy  kis EENENTY .
THEN ((§) HAI No k= SuNFLoweER

IF T (0RE HAYS r ElnENTS Ocr £ 59

co«g kK  p1syoNnT PARTC U 5 524
|v~ S-r VEQ"\&ES

TOGETHER bt k(S-r) > kte-
HOLDS FOR k= | .
FOR k>4 (k1) (s-F=1) -4 > -

(k-1)(¢-r-1) 20 .

3)  CONsIDER TAQLE

1¢
,_ S TyErE IS
"™ C__A LA A ROw S T. ROTH
POw § . SETS ARE SE(EC¥D Q

—  [PGEONHOE  PRINICIPCE
P(X) PAELNMONEL \NTO 2 COLYNNS




b k21, G2(WE), 1E)I2kMNIV) oy €(6) = ',_’57‘21(4
TREE WITH  k EDGES WAy ki) VERMCES

THERE 15 A SUBLRAPH HC( o 7. S(H) > e(H) > £(¢)
e, J(H) 2 k .

M SUFFICES TO §Mow THAT Ewry TREE W™y k ERuES

S ONTAINED 1y A GRAFY WY §(0) 2 k.

For k=1 Teivbuy wows ™
SPPosE k7\.  IF WE DELTE 4 AR, FRON OUR TXEE T
BY INDUCTON T-x 15 ONTAIND 1N ia

SUPFOE T™AT x SHouD RE CONNECTED T0 'y IN G
SINCE v IN T-x MAY DEGREE AT NOST k-1 (4 oF EbLE)
AD 3@V 2k >

'/‘:?Q /\'%E’i k1 erRnees oF T-x

dl0Y 3 2 k

Zz9 ™HERE 18 AN TZ EDLE 1IN 6~ WHERE  »'7 ~
z2¢ T-X.




24.03.2008 Sa
1/ 4 Perer CeRNO

NDMIO1YL [KonminaTorins 4 Grary I - SKiiks

EXERCISES 13.11. 2007

- COLOURING, NUNBer OF
A) CHODSANYLITA o»:’k" e| .

FOR EVERY GRAPH G ch(6) £ cot ()= o 5TH) +A
He G

ol(K™e)= n-0%  AND APPARENTYY X (Ko) 2

> Sineg X(E©) ¢ ch(¢) D chlk™-e): h-2 .

E“(C"l( © FOR ODDb n ch(CM=3
cBEGUEET B XM £ ch(C £ o (Ch) - 3
SUPPOSE M IS EVEN. L(ET Us "RolE THAT- ch(c*)=

N IF T™MERE ARE 1 ANDAGENT vERMCA L ViV, whouE
USTS HAVE AT moyr 4 COLOUR IN CONNON
> WE (MoolE Onk COMINANON

QL {q)

O———
/Vi \(/N

X . WL TROCEED ALGNQRITMIALY

IF WE COLUR nyig VFRTEX WITH a4 N B END ,
WE Ju§T CANGE  COLOUR OF vy ™ L

) AL LT ArE SaNE S THERE 15" 4 D eotovRing |

5 <,

APPARENTS)  ch (K )= L
TWO (ASES @ a) L(u)nuv\#ﬁ b) Limalv) =9 .




[il/, (ME 3! > FOR n2l clq(kzm);g

0 {méi. SINCE. Ky, € Kon

( o {a, S\ , .

}‘%}é Tl c} {c,c)\S AND  col (kz,».\ ]
{b,d}

.‘—CL, Wad | X(kiy)= 2 £ e, )£t l6a)= 4 -

| N (ET U PROVE THAT ch(la)e3.
&lu ga % H1 . OVA\ l‘? A (‘0R B\
{alc‘& ‘,a.c} Uy %VL H9s AT (FA)T /\

4 "
“’od IR B

CONNoN  calour
b} A D T 13 €ALY

o - |
AT SUPPOSE TMAT USTS 1N A("‘ND B\
Loams | Y)Y a Dissonn

W CHo0SE S, b, Hi ) S1.
{5‘(‘44), {'(ULM ﬂuﬂx ¥ (-—(Vu‘) FOR ‘:10_1\13.

Bl EORY ol (k)= Y.

ON THE O™ER MaND :

tad,q}

Lk © {adih}

Mnelﬂ CRLAY
i%,Ln‘{ .

- Y% NAN

] =73
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EXERQUSES 271172007

1) tw (k") - n-4
SiINeE KM 15 A (1) ~TReE
AND EVERY k-TREE H4S A VirrEX OF PEGRER k .

twCC) =) sincE rarrray ASTREES Are FORE (s
$0 THRRE & Alwgys
AN
i @" A T-meg Q0

SUPPOSE I éh i 80(",“): n f] ‘6\4, (km.h) } n
RIT T8 ORVIOVS TaT tw (Kign) = (m;ngn,,n}).

B THERE Arp AT CEAST TWO NONABIS(ENT VERTICES
OF DEGREE AT NOST k 1N EVERY (PARTW) k-TREE
WY Norg THAN) k4 VERN(ES

—~

3)




EXERQISES 04.12.2007

SZEMERED'S REGYUARITY UsniMyg -

FOR BVERY €50 ) m2] IMen 5.7 muERy Crany
0 OF ORPER AT LEAYT M ADNITT €-REGUAR PARNTION

WoVay ooy Ul Wy w2 kg M.

o FOREVERY e AneN 5.7,

OF ORDER AT (EAST h,

AY B3>0 ) (T sUFFICES To SET Ng =M,
o3>0 ) JUrPOSE Mo > m

WE neil ASSUNE N 2 ng 1 BECAVSE THE T+

HOWS 1F WE INWEASE 1.

BUT FOR G Wiy m&g|<no 4
THERE 1§ ALWAYS €-REGWAR pARMTION OF
INTO (€] siNGlEMON  SETS

'EOREN

G

2) V>0 IneeNIT>0 : 1F (AB) 15 Av

€-RECULAR PAIR  WiTH  |Alz)g)=n 21y,
THEN IF WE ADD ™M™ rARMTONS A, R
AT NOMT dn VERTWES  AND $ONE ED(GES
WE (ET 2¢-REGULAR PAIR

SUPPMYE AT (AR) 1 e -reCUAR , 1A=
AND WE AbD A" o A, B'1o B, IRIHIR
AND SONR NEw EDLEY FRON A' (o0rR).

/

Mizn,

| <on

FoR EuERq X<cA, Yer , X1z clAl, IX)ze1n)
€

[ dOxy) - d(ARY) < €.
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B} )4 BN 3 . _ (lavA oyl
LET d - d (A|B): W’IE\“’ / J* d(AUA/ BUR‘)\W

nzlAl £1AUA| £ (A +4)\n
W=Dl 2 IRuR') £ (445 )N

7o VABI+ LA, RURI +1) AuA, R'))

L
|AvA]. [RyR) i
¢ WABI 1A, Bur| 44V RY
= AR JAVA| - 1RO R )
On.(148)n + In (A43)n _
£ ods T i
= d+ 25(M) < d+¢
Y> WABIL o, MRl Ay

N lAvP\','USuB“‘l RCHYEE (43)

SUPPOLT THAT XS A, X'SA', Vep, 9ep

~ IXuX'z 2¢ \AuAT IfuY'l 2 2e\Rym)
WE REQUIRE TWAT FRON THESE INEQUAL TE S
FoLLows  T™™AT )X ) > ¢ Al anb Y] > ¢ )R).

e IX[<elAL ey Xu X' € XA

D IXoXTLIXo A} = Ix)+ JA'] < dA+\A) <
<enapn = (e48)n < 28 1A) & 2Lc|AVA)
FOR d < € .




Coony - XXy

LORGRE IXuX'|. 1Moy~

¢ XN+ XYY+ IX0 X, YD,

) IXoX'). Yo ) )

£ a0 + X 9+ XX Y,
XuX'l. Mo Y N

£ dx/\v) ¢ 1A, BuB'N 4 NlAyA, RN
Y€ AVAY - IRV R )
£ dixy) + %%ﬂ < d(X) 4

d( " \') ' Z " X/ Y” }
XX UY) IXuX) 1Ny

nx,
> __ "X IXuA')= 1X)+ 1A') < IX)+ §h

T IXA) - {oR') T
2 —7 e z IXI 2 fn ~
IX]+ Sn
( ',*'5 (Y14 dn) ~> X1+ ¢ ix)(/w-)
o _ Ixyn PRI
- 13<‘,~( S\, .
‘ \ (/H ) 0‘()(4 )( (4 d’)‘)
= d(X;“\ UKX \4) -
“ ¥ > f \< )[ )

et : SR

S WE WMAVE To tmoasE O<i<e T,

Wd) <€, d(i-gm) <o, 1200 ¢,

A
(d+e) (4(7;52) ¢  AND W ST. 0On, >4
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WE ARE GIVEN 2>0 AND m  AND WE waNT

™ FINp M oAND Ny 5T EvERY GRaPy
WI\TH AT LEA\T ¥, VERTI(EY MAL

M - RE( UARX
PARNTION/ .
FRoN OW LENMNY & we g7 € -.:9_2’
WE GET & ST. IF WE 4dd To AN

£ ~-REGuAR FPAIR AT NosT Jn VEXTICES
WE 6ET  2¢ -RECuLAR pAIR .

FOR SONE * ¢5>0 AND M WE GET M
FROW REGULAR ITY  (EVVA

THE EXCEPNONAL SET HWAS SIZE AT MOST ¢h
So Vi 7\ N ORTAN AT NolT Eﬂ [SV\]

NEw VERMCES. Wi HAKE O CHOOSF ho AND ¢ S. T

~ Oh 7 QY%] AND € <2-{ : FOR awL 20,
: N

£ 2 New vERNCEs ¢ On

SO0 0

- R
¢ RELULAR PAIR 2o~ RECULAR PAIR
2e L D




3) LET de(0D (4)B) 18 AN £-REGULLR
PAIR  FOR & SUFFIUENMY JSNALL wiTH RELPE(T TO 4 .

Faa) : aacA , ING NG < (d-e)1R)
IS AT nost 2¢ A

WE KNOwW THAT ForR EvErd Y <R

IV1>¢lB)
THERE -ARE AV

NOST ¢ |Al ERTIEYy IN A
wimy < (d-¢) Y] NEGHIovy N Y.

<> THERE ARE AT no3T £ lA) VERTICGES

N A
wWiTH  PEGREE < (d-£))B) THE OTHERS LET BE
ING A'SA
A (1 po ‘AD
Sl /\ (d-<)18) > ¢8|
R (. I7™>) :>15_42§

AT (EayT (d-¢)|R| NEWGHBors —=
Er Y:i=N(a), WHERE qcA'

IN A THERE AZE AT MOt c|A|  VErm(Es
witd < (d¢) IY]  NEighpoyrs v Y.

> FOR ANY adec A' THERE ARE AT (Em\T
(1-¢) 1Al vernEs wiTH AT LEAMY

(A-£)IN@| > (d-¢ ) IB] NEICHRORY 1y N@®) |
S sNneE AT (1-) Al wE HAVE

AT LIRANT (/| g) |A] COrAE(T PAIRS )
> AR (a-c)tlalt = AR (1-A42¢ - -¢t) < 2¢lA)”
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SUMMARY OF  EXTREMAC  GRAPY THEORENS :

TuRAN THEOREN) : FOR EvERq r2)  EVERM
GRAPH szr ON n VERN(ES WITY QX(n, k") ED (EY

IS T (n).

F-2
traln) £ %hlr_,\* WITH  EQuaLITT |k F-1 )h

Riw\ '(r-.s (V\) (2)-4 =

N

r1
r-1

ERDJS - STONE. THEOREN : FOR EVERY P22, s21 50
dn €N ST, EviEry GrarM ol hZn, VERT\CES
WirH AT (EAST g (n)+ pnt EDGES

ONTAINE K AS A SUR(RAPH

CORDUARY : FOR EVERY GRAPH H wimy 4T LA
~ ONE T©p(E : i h "o XIHYZ
, T tim oex(h, M) (D) HIE
SZENERED

REGULARI T (ENMA: For EvERy €90
m24 3N .

EVER1 GRapH wimy  Ar (EAST m VERMICES
HAY AN E-RELUUR - ParMYTON (Vo [}, mik <M.

LENNA : FOR EvERY de (0,1 + A 21 6,50 o1
FOR ANM GRAPH G, AN 68 H witH A(H)Z 4,
ANT seN  IF R is A REGULARTY  GRAPH

OF ( Wy PRANETERy £ <, (> &) 4, ™EN
H SR D> He 6.




EXERUSES  18.12.200¢

A 1S
1) v S, THERE 1S A (OLOPR ¢4
SutH  THAT INFINITElM DANY
v, S EPGES RRON v, HAVE THIs (dLOVR ¢, .
LET T,SR IS THE SET OF
A % THE ENDPOINTS OF ™HESE ED(E; IN .

' I, s INFING TEE

SUFPOSE  THAT  COLOURS o, .., ¢ AND
SErs Vi 2 ... 2V ARE DEFINED For
VERTICEQ Canevy ¢ .

SINCE Vi IS INFEINITE TWERE Is A COLOUR Ci,
SUCH T™AT INEINITEER NANY EPGES FRON
Vi T Vi MAEE THE coLpuR Ciyy -

LET Vi SVi BE TME SET of ENDPONT)
IF WE LSE k COLpURY THEN) Fom ANY neiN
‘QWEENU VERM CE} Vii---, Vkm’\

THERE ARE AT (WEAIT W VERTCEl OF
THE SANE Colovr.

SVPPO)YE Vg1 1een, U

-~

O% Svcen ED(ES.

~

" i1< ... <iy\
AR oLoR c.
T—]”EN iv l~-"|vi.}“ Vn
15 A NONoCHRONITIC  Kn,o  SUBGRAPM . .
_ BLWE (4]
LET Us (OLouR EDGES K-35 OF Kap : (% Sﬂ:{RED i3

> Kagn DOES Nov (onMTaN FONOBROMATIC K

Oy o -°
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4 REMoyal L_Eﬁr-vsr/ PROOF OF EKD8$~STY)NE '

EXERCISES  08.01.20p4

THEOREN ( LECE98Y )+ Syprose Mar nus Largrar
CHAIN IN THE POOET P mas g2 . THEN P CAN
BE PARDMONED INTO ANTICHAINS .
TPROOF i $iXo [ 1,.,r)  $x)- (ENCTH OF THE
LONGEST CuaiNg ENBING WiTY x,
Aiz IxeX: $0:i} . AppArenme {4, -..,A,%
15 FARDTION O X INTO r AN (MAING.

2) Pworny's DEconmos mon THEOREN (LEe):9.0 900y
SUPPOSE AT TuE LARGECT ANDCHAIN IN THE
FOSET P HAL 312E r. THEN P GAN BE PARNTONED
INTo r CHAINS. (Re COUNMRLE )

SUPPOSE Pz { %, %y, e Xy e } WHERE

D xr) 18 AN ANDY Cliagn

FOR EVER( i¥r PFzlx, . X} cw Be COUERep

WITH b Cvamns Gy O, we Ay suprouss ™HAT

GG PR iz, v

FOR RVERT Xk we ON DErINE  §: X5 I, ..}

A §(x)=3) & For INFNTEL] MNany § >k N IO
N PARTIONING OF P, x € CY Lgsoa k4r Jooxk )

R {x(:)(}, fx)=9 S L PEAINE TVE T

ArPARENTY) (4, ..., G ARE  CMAINS CoViErIN( P

/P\




3 HI(K,1) Lk
WE WANT To SHow THAT AN7
k- COLOURING € {0,41"--7 {'1,...,k} OF {0,13"
HAY A (ONBINQTORIJL LINE
FoR k=1 TRV
k=2

HOWD ¢
]

SR
0 1

s

LET us TakE A SEQUENCE OF worps € §0,47%:

00..0 ]

00... 1

........ \ k1 worps .
Of...1 > L OF THEN MAVE. T™ME ADE
11...1 CoLoUr !

T V—

82@424 ﬁ 00¥x444 IS A
111 CONRINnATIRIAL UINE

4 consmER €=7 . For N=NEQ), A={p,.. 1]
(ET ¢ BE AN1 CoLOurRING oF AN wity k CoLouRs

3 THERT 1S A COLOUR €  Sueq{ THAT X< AN wimy (s
(OLOUR  ONTAINS AT LeALT 2N = g N yEeroRs

>  HAY A conrinaTorwlel  LINE .
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