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Anotace: Prednaska navazuje na prednasku Datové struktury I. Bude vénovana
dvéma datovym strukturam - bindrnim vyhledavacim stromum a haldam.
Seznamime se se samoupravujicimi strategiemi a s obecnou metodou dy-
namizace datovych struktur. Na zavér popiSeme pouziti stromu pro feseni

problému UNION-FIND.

Sylabus:

1.

6.

Binédrni vyhledavaci stromy. Srovnani ruznych verzi vyvéazenych binarnich
vyhledavacich stromu. Vyvazovani shora dolu v ¢erveno-cernych stro-
mech. Konstrukce optimalniho binarniho vyhledavaciho stromu a pouziti
kvadratického programovani. Aplikace na staticky piipad slovnikového
problému.

Samoupravujici datové struktury — seznamy a metoda MFR, splay
stromy.

Amortizované pocty aktualiza¢nich operaci pro propojené (a, b)-stromy.

Trie, komprimované trie, reprezentace fidkych matic a témér kon-
stantnich poli.

Semidynamizace a dynamizace statickych struktur pro feseni vyhledavacich
problému.

Problém UNION-FIND.

Cil predmétu: Naucit zakladni datové struktury a algoritmy véetné teore-
tické analyzy jejich chovani.
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A  d ¢ .r(oa (oa h] , roron (d*ﬂ‘< h,

—




DyNaniza'cn

UQ. U\. [ Ug ... UNIveRy
§:Ux 2% - U, ... hHC&mi/Acn( PROBLEN

Y ... AN DAT. SRUKIVRA RIESWCA PRORWEN
() KED JE DbANY ALGORITMWUS, KT. PRE :

AclU  ~ skontmuvie Y (A) ~
€) A ALGORMUS, KMoR] MRE :

xeUp & P(A) ~ wTisu }(x, A)

U ... SEDiDINANIeKA’ . KED OE band AL, , K PRe
xely, 9(a) 25 YAVED) 2 ey (4

> ALG. VT, {(‘!.Av[x}), We U,

7 ... PUINANIKY , Ak OE SENDINAMIA" A

| sogn, 2 (AN -
U, $(A) S 2 PRUTEL)
Xelh, J(R) ~> < Aot £, AN, Ve U,

MHCADAVACI  PROBLEN IE ROUOIECNT |, Ak :
3 By, Or. Q NA U3 T.E

¥ ABc U, A=,V xely :
L&(x. A O Sh,b): $(x AOBD

~
\

BUDENE  FREpPOKADAT, 28 § VE RO2(ODTELNY
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EXAN: Damod smoknsky

mowa’ 209 O ... 0U4)
Casova’ 206mosm Hx, A) ... Qy (I4l)
PANATOV 2(0Tmas (A} ... Se(A))
CASOUA' 2L0Z. N4 KONGTR. Y(A) ... P, (A1)

CRELPOKADANE + Qy(r), 230 Pald eiin

KONSTRUKC 18

o SENIDIANWKAY P REDAA § , Py (n)
ANORNZOANA' 2ioDrosr INSERT Waka

A< Ul NAV2XS 0N DISJUNK T E PNOTING
AT A OA UMD . O Ari g

AR\ 2 rrvioy ... |
STrRukniRg  P(A) PO20sTAYA 2: ADS,
< Z02man V-TaedR [ Y(4)) | i<0,...Ron, i1 }
- 20wnan  { sCAD ) =0, Tty (M), AT ]

KOE S(A:) X Frosmy DY ERNY 202NAN
PRVIOY MNODNq A

~ JMuKTVRA T ... RErR. A
(naer. TEramnD - OBRNT- STRON, ... )




ALGORITIVS  MRE WdlsienEe 3(x, A)

; retun (O §0x,A:)

¢
Ai
INSERT (x) v—-i—
(4 X¢T then -» [ B
INSERT (%, T) ' ~A —
NAODL Nanende ¢ T2 Az Y 4+225=2‘)7
s(Ai) =[x} o~ |

joresch 9 <i do /Kouxamwcm
s(Ai) = s(Ai) - s (A3)

T ZRE <(43), ¥(Ay)

VITVOR 9.(1\.‘) 20 202nuny  $(Ad)

<) niN.zdes |Al urOWE, K A 39 .

VETA : (P 3 SEMpINANICKA SR RIEDw(A §,
o zoTosr HxA) - O(Qy( - Loy ()
(vmg @5 Qutn) =v, 50 > 0069 )

o ANORTZoVWNA' 20 INSFRY ..: O(full-ta®m )
(e, ies. By =ne, €31 35 O ) -

* PAATOVA zodres P ... O(Sym)




%, | {5.06.20l0Tu

Pever. Cernvio
EXAN: DAOVE smmuknpry L
DOKAZ . zuoDrosr $(x, A) : y
*3,n )

t + |A; < L -

09, n A.-?QQ?( ) 31".# S{,} Qy ) =

= O(Qq (’I) ’(0)‘\)
,E/’W?T'ovn' ZLdiM‘osr‘ : Loy n)

cn+ Z, Sq(la)) ¢ ans 37 (2] i g
LR D) (=0 ()

{z0 n
ANORMZ0YANY' 200dr0sT INSERT :
TesT xeT ... O(togn)
KONKATENATW 2o2nangy --- O(4)

5‘27 VIMORENIE 3 (Ai) A 2RENE S(Aa')..WAj),j(i
VIZADWE. TAS ... O(log n)

DA s(A) s oo vmorr AL po 1M1
USPESNSeH  OP. INSERT  LF -1 -~ - - ...
3 ANORNWOMAY Z20DToyT~ INSERT

- Ltog,n| i )|
ceoatn + 2 __Pv____.{(z) £ clogn + 'Z —L 4 =

=0 "~ ¢ iz0 "

= O(Z1) b0y 1)

A D(nq/m: 4
RRE 270 : (ogn enf, <7° (z‘)‘é < In®

Lesay n | '
L cn + “fj_‘_“_‘ ‘e tn+2$§,(») = 0(3Sym)




ANORTLOVANA" ZLODroyy NIE OE ¥ USIOKeIVIULA,
CHCENE  DOBRY  AodmadT Or, INJSERT™ v NASHORION PRIP.

_KONSTRUKCIA

JENDNANICKA’ ¢, RIBIWCG
A<\, -

i:O {:‘ t‘:,')_ i‘:‘l z:‘f XY r%‘('ﬂ)]

0 , 4»}.; Ao ‘\A,o M&‘

-~

e £ S e LY
3~ -7 T Aia

ko=1 ky=2 k=4 k=3 kyH
(20, Tl (IANT],  3=0,..,k A
ki€ 1-1,0,1,231 "
Q) k20 ¢ Ay < A

—| A |- mne= 120, ..., ki
| \ Aig|= K5
Ay

=t X AL =B
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EXAT: DATOVE smykmvry

b) ‘ "ROUUAD A
v) E;'r - .
‘ o ﬁp T2} b
? _ f .
] —— : - .

{Aos 190, kY y L Aig T (et Tog0A),
™, & ki >0 A 320,. k<4 }

JE ROZUAD A
<) Ao (>0

0 -——— e
f'\1 - AH'LK\’ -




e) > 0, ki ZO L j:(),...,l(a"\"‘
4

i . SE winvereny’ YA
0 —fAw 3 (Aio) RE 3= k; ... i)
1 AE P (Ain) RozPRacovana’ Y (4:, k)
) - Aia EV\\"OD\M' 9 (Af,z\
.- RO2PRACOVANN
=2
IRVRA B (A) FowiTAVe 2 8

T 202N Y- TruiaR 4 RozrracovAN g Y-Orukmi:
1P(Ai3) | =0, Ttoy (W 72 k20, 320...) k]
T ZO2\Mn  DVOMNERNYGY  202uANQ\, Rkl Ay e
Us(A) | 320 kb

v { 3 (A;Q) ) (=4, ---) r(qt(\hlﬂ T.2. k.-20,31°.-.-. \‘fb1}
- STRyknSRA T ... Reer. A - B

o

“ALCORMMVS: PRE  WNTISLENIE }(x,ln“'

F06 A) = (% Aog)
borcach (20,..., Tla. (AN | k20 o
$oreachy e 0,.., ki-1 do

4‘(“:"’() = 5(’9/\ ) O f(x, 4:.3)




1y,

J’E_XN“) : DATOE  STRUMIRY

INSERT (x)

i+ x¢ T +then

1

I

- INSERT (%, T)
Loeko‘}", Ao.l' ('*{X.i

WITVOR Y- Sreymerdpy (A1)
A STV 202nan (A,

Joreach (=1

)

15.06.2040Tu
Petex. CERND

(=0

[}

L ... (vln'(; k20) do
Vikongy P (2) /0 kaokov v kongmukey P04 )

l

Avs

N

Ao
{

Rammzo

Aag |,

Y

2A  dokom ﬁfl(ROKOVW

/" ook Y(Ai ) HoTows”

krokoV e P(A i)

i§ Kon3mwkew Y(Aiu) E PokoONEEA" then

ZRY Uz
I(l-\ ~ l(.‘-\ -2
ki &\ + 1
Wkonay 4. krok  konamikee  $(A;4,)

18 kg =4 then ka0, Vikoun 1. keok pe Y (Ae)

ﬁ-l.t

A

S,(Ai,&,) < J(Ai-a,o ) \ S(AH.!)

Kaq] (4 mise. B gongm.)




VETA : P, ¥ SENDyauAnaa’ IR, RIEW §

o 20005 d(x,4) --- O(Qy-togn )
( NaviAC KED Q,m:uf.'i?O . O(»%))
+ ZLoDroy INSERT ... O( Falnl-lean)

(Navac keS Py ln)=nf, >4 -.. O () )
+ PANGTOLA 200Dr0s” .. O(Sy) .

DELETE
. POZADWENE , Aw PRE. J ~Suunliny Exisrovals
OPERACA  Fawolhy DELETE (- OF. Ozmeenie |

9A) ... & x¢A

G(A) ... Pan.20Droo” S¢(lAl)

+ Auormus N8 ¥ (Y, A \t"”
.- s Tasowv 2L Qg (1Al))

PRE x e ), skonTmvwere G(A) v Sur Dy (14])
FREDPOKWDA(”EI 2E Dy X NEMKLEU 3

Qa) e 0 [

__’

KONITRU KOO
DPnANIKA” D RIESAGy ¥
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EXAM: DATOVE strukmry I

UNLyA = PRE N, Bz AN x|t k]
A F(R) W2NIKnuTY STRUKNRY ¢
J(R) ... vZawE Sy(lﬂl) FAMNATY

$31B) - 1NPodTANE v T Qq(1AN)
F(B\ Ix}).. sKoNITRuUIENE v EME Dy (W)

HOVORInE 2 YY) 5= rswpcon J(R)

--'------“-—-——'-'-—¢~--§---

STRUKNRA  D(A) P205vAYA Z 5

- Sursox SmoknR - § J(Ai) ) 120, Loy Uan) #3 1
T OSBR SO 292 {5 (Ar) ] (= 0p-q Llag (1)) 43 1
At’\Aﬁ D re 1%7)

~VA = A K

RUS A; = g/ﬂ.ﬁm AR LI

kb Ak, roon IR/ o Povopis YWAi), Im)el

-~ Smykedrs. T ... RePR. A

PRE KAZD] PRvOk ae A sU bANE kA0 VATELE
SPAMNE & v T ¢ prvxon o v A .

ALLORITTVL PRE WCMWENIE  $0 A4)
% return Qg FAi)

A ¥




INSERT (x)
i¥ x4 T then
INSERT (x, T)

NAIDY NANENDE 9 CP{’, IA.) 2)
% PRE TAKN NAIDENE 3

A+ 208 ) > oM n z: ;,4,|>£V\
X A VEE1 Pruin' Z A,N,Ao % "2namw" bo Ay~
5(A3) € s(A3) v Ix} .+ srd Xe—T
Joreach (:0,...,'3"&,
s(Ay) &« s(Ay) - s(A)
ZRIT s (A, ?(A;)
SKONSTRUYY T (As] A OPav DDKazy

DELETE (x)

if xe then
NADDY L T 2. X € S(A)
OpsTeAd x 20 202nanw s (Ai) 5 PriPADY:
() 1Azl 2 Py a x(A.)
i) 2149 24| ® Ozmtenie (x,‘y(a ))
i) 1< 2749 = |A)] 3
) KES§ A, = aEso |Aq) 2 27244 ¢
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EXAMN: Dmove sTRuwivry T

' VNEY S_QAH) < ‘(Ai) / 9(4")3 9(41—1)
Vv Y (An) 2o -2o0uanu s (Aim)

b KES O« |Ai-1] ¢ ni-2

s (B) & s(Aia)- s (A¢)

ZR\JF S(A 1) s(A.) G(AH) ':f(A)
4’ VDU IR) 2 zovww s(B)
KD IR)< 2 D GAn) € T ®), s(Am)<s(B)
e 3122 2 FA) ¢ P®Y, s(A) «s(B).

DEETE (x,T)

<) =5 INGERT vywri 9-Imokniw PUA),
~ Poron 2 < Ag) ¢ O .
< Kb DEERE wmvor” Y- STRUKTRY V(Ai) ,
Poron, 12 Al ¢ UM -
PAT v mRirAdE  «l) a), KoE
S(A) ORUAMWE 983 prwkov
V PRIPADE (i) | |
2 L IB) £ 1My it ¢ T‘-tl D. PUAT.

4 Kep DEWETE(x) MR % € Aq VITWRA 9'_(,4:4),
Potony BUS  |Acy | >20%, Ao A, | £ 27T .




VETA * AnorTrzowdA’ 2009mosr DELETE.

E O(Dy(n)-\- (ogh + -E!i(.'ﬂ- ) .

KES DELETE (x) v Y- Druicniry, J(43),
POTOn =0  AMERO =1,

P12 \Agl2 7
KED Jzit, romn A= . memo |4 > 272
vVivorenie F(A5) RO w0 Nasar AT Po
AP0 2% op. DEETE (2), k7. 0:MATH  Z €44
) MOKMOVANA 20D VIARANKL  P-Brueniey
E NPVAC ¢ Py(201) /997 :D(mn)/h) 0

VETA : KED APLIKWENE FosTveNoST f(H.z. g
INSERT 4 DELETE wa D(@), Poton
ADORTROVAAA' 2 0Drour INERT OE O(—'-Q‘-)—(i'ﬁ-’\.

. - J-N__l' —, O, e

!
vvon Wla\ R $(4,) 429

Vicy: Ay < e @ Pual on
WNE k- 2 27 U ) 2 2

DR\ETE n‘62¥ 2 A; w0 Ar mEsowdr £ 27 mw
keoyn
> #n.200%. xx loy(n)+ a"“_ué'_ - O(fltenn |

zH.
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EXAN: Darowd smru KT\)M

ProjiEn  UNION-FIND

VSTWP: pouund 9 univerRa Uz U,.. 0}
po20sTAVACI 2 1-PRuKoVI) Moy F={ €3] iel]

ULOMA :  INPENENTOVAT |
UNION (A, R, C)

RIESENIE 1 ... rroewsdee FIND
| RLT,...,n) , RIx]— A
FINp (x) ¢ retun RIxT ... O(1)

UNIoN (A, B, C)

Sorcachh, xe U do | |
i} &Rix] = A) v (R [x] ;B) then RIx] &« C

... Om)




VYLEPSENIE : R [x] > UN. REFR. DNODNY S ¥

st NA2oV MWDNYy > 202VAN  PRVKQV
SIZE: NA2ov Thvoday >  VELKoyr M.
MAPIN : NA2gv PNGANT > VNUIORA' REPRR. DIN..
HAPOUT : WHORNG kEr. = NA20y NNoDNA

Finp () ... OW) -
retwy  TwPOUT (Rx1) .. O(A)

UNION (A, B, C)

i3 SI1IEM) < SIZER) thenw

L &~ naPiN (4)
V€ ey (8) X

X & A
CQSQ . PODOQNE . S'ZEU) < J\IE—(B) ’\

Gorcmh X6 S Q(l de R[ﬂ (-—Q i
SIZE(() &« SRE(A) +SIZE(B) mrour
MAPIN (C) « 3
MPOUT(Y) «.C é‘;
MAPOUT (i) ¢ NIL

NIiL SIZE(() &
SRE(W) +IRE(R)

ETA = mxFIND , -)xUNION .. O(w + ntegn)
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EXAM: banpw struavry I

ol

DOKAZ . p(X) --- KOOKOKRAT BOLA 2NENENA
HMooNoTA  RIXT) .
Poat{ : Plx) & Log.n.
INVARANT : KED PRE Xx€A E Plx)xi,
~ Poron |AlZ22. @

=

RIESENIE. 2 .. PrererwGce UNION

AeY ... REPREENTOVANA’ STRONON .
FIND (x)

Viz tho((x\.
Z, white otec(v) $ NIL do
g ¢ & okec (v

teturn  Na2ov (v)

korey

UNION (A,R,C) ... O()

ARdavl

sI2EM) { SRE(R)




VETA : m«x F'ND' (n-1) x UNION .
O(n+m Coq h-)

DOxAz FmND Lx

st®

. O(Wka(®)

INVARWUNT : KBS PRE X cA
B hCka(x) =i , roon A2 2.

RIESENIE 3

UNION RY RANK  winy
PATH CONPRESSION

BUDE  PREZENTOWIE NEAGR
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EXAN: Darove strokmry 1

ZOVSEORECNENIE HALD

Van- Enoe - Roas  [Rees

RAM- ow Trrucndre,  Rerrsemasca S< §0,.. U]
_--- DOKAZE  IMKONA/AT™ (TRONOIE.  OPERAIE
(VAADANIE ) razaniE,  NASLEDNIK )

V CASE O (Log log V).

DEFINICA VERT (V) OBtaH®E : (BlfNo U—“—sz)
~ min, max REPR. NNOINY

~ FRIEEMRADKY P, .., P OBAMwGeE  VSETXY

OSTATNE MODNOTY ... REFREZEWMOUME Mo VEIT(ID)
x 3 | HORNCH ¥ Bingy | Dotndcy & Bitoy |
- — = )
R we

INDEX PREmaky @ R

> SUNARNA - VERT (W) Ojsanuaiey  Olsia
NEPRADNM(M  PRIENRADOK °

”~ .
p —
— >

- -Ts] ]




FindMwm / FindMax ._ v koreng v & O)
Find(x) _ . PRANORVARO REXwRZIOY v O%E O(L)

\nsert (x|

A. OSEMine TRvANE Pripapy  (TRAaN/ Eoniom. Smon)
2. Ak 9E T0 N\INE'., PRENODINE x S Min / max
. PRVK x PADNE Do PRIEHRADKy P &
al Ak & P =V,
Insert (i) po suARNEHO ROV
ZADENIE TRIVWNENO TTRONy PRE P
by Ak & P S |
PREVEDIENE NA INGERT V PODITRONE P

V kAZbon PRIPADE Bud ROWO KONTINE, ALERO
'DENE D0 sTROMY NIZHEHO RADY , | ~

Delete (x) .
‘ Ny / ./
1. OSEMUNE TRIVWINE  PriPADY ( oot )

2. KEb MAZENE min  (ANALOLUKT Wax),
NAHRADINE NO NININON Z  ARVEY NEFRAZDNE)
PREMRADKY R (TY NWdoene v Cse: O(n)
PODCA SVIWRNENO sTrony ) -

A PREVEDENE - NA Delete V PREHRMDKE P
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EXAN: Darove smrukrvey T

PRVOK x TADNE po Fi

a\ AK & P DEPNOPRVKOVA' :
ZRUSNE  PRIEHRADUKY
Delete (i) VvV sSvmRNON STRONE
'b) A E R yiacRyKkow :
Delete V PrIENRADKE P

Succ (x)

; .
%’\- TRIVWLNE  PRIPADY (X(\qiq - Wiy , X 2ax - m)

2. PRWK x PADNE Do P;:
a) Pz v kmx(P,-\z , Poron:

PONOCoy Suce ¥ sunARmon TRORE  NAODENE. B
AK EX{STVIE —>. YATINE  Miy (ré)
A NERXUSTWE = wi1nE MAX

b) X < max (i), Poron:
FREVEDIENE N4 Suee v P .

TAsOVRT 200270817 THno O, O(k)=0 (tog tey V)
ParErovA zwdrosT O (U - Loy Loy V) |




MIN-MAX RINARNA  MALDA

min
¥ NEKLESA!

0 T

40, ®
N®,

%" |

ORIy OPERAGY ... VIB SKRIPTA

O

Cas. 200dmosr MINL Max ... O(Y)
ostnat MALbove' OF ... Oftogn |

... NODjp REPREZENTOVAT ronotov 2
Rowakg VECk{oy PO/ 4 PRENENINE) FREE .
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EXAN: Datove sTroxTvrRy

s

SYNETRICKA” MIN-MAX  HALDA

« WOREN NIE g
min OHoBNOTEN

hax

AUy (x) -
— KOREN -
f\‘ﬂ) ohslt] —  KOMEC .
t
by dedlt) | XU = Swar x> ¢
XY 2O wWAP XV

| .V OratNOM PRIPADE -> KONEX

_ t®




(9 AK x=z=a,

™K wONIEC,
ONO
e | AK x=C,
TAK KONIEC,
) ©

Ix ¥z} = lab,c}, adb<c
\ POKRACLY WD IRCHOE  REPREZENTVSGCON X

REFLEX - HALDA

JEDNOKONCo\A DA QO  REsREENTWI A |

...... lsq'ﬁ”gl/f‘
—> DVOXKON(OVA" MALDY VAN e
| Qe T T 1)/
RER. $, 5= SuS, (rire) |




. 6 ‘ 3
K ey iy

EXAN: Darovel sreunivry

Ouin Vve Quin : (A =V
' ey (V) < ey (m)
Sree
~ Qg “Pa UP, DOWN 4
UKAATELE NEDZ) PRYKANI
| POHIBLLY  SUCAYTNE S PRKANI
nsert (%) (. NE 5 e

|, A x <win pERG X > max, Poren
VINEN x € TN  PRVKON

1. AK dree =, roon Sree :=x
Zl. AK ree § 3, PoroN: '

Min {X.ﬁ‘u‘ - thv\
hax IX):SNC} -~ Qw

Detete (x)

1. Ak free = E, FoTon .
 PRESUN KCUDA  SPAROMNEWO Wl4o0 DO §ree

2. 4K Sree 338, roron
free  NAHRAD] ODSIRANENT PRVOK




PronEn  UNION-FIND  Ponocoy
UNION B RANK. & PATM COoNpRESSION

_Make- et (x)

Plx] & x ... TARenT §-.. KOKEA]
rank [x] ¢ O .. RANK = Wika STony
Union (%, ¥)

; Lk (Finp - Ser(x), Fino-3er (1))

LNE (> )

(4 ramk [x]> ranklyl then plyl ¢ x
the plx] & ¥

| T
1y rank [x] = rank (4] then 7\/"[\
rankl4) & rank(q] +1
Fp -3 (%) | koRENY

it x3 pOx] then
P [x] e-pr-Srr‘(rtx‘l)

return rlx]

PATY ~ConNPRESS (ON
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EXAN : Datove strukivry

m  OPERXCH N4 n  PRWKOWON uwngzu
M 2L0AmpsT O (W 2 (n)) .

PRE k20, 321 pernwne :

' Y L U+1 Ak k=0
A(3) = {Ai?:“;(a'), k21

L(n) == min fk: A1) 20}

{(n) ¢4 rme WN rEALMOY ViTurev

LENFA 1 :

(/PR ¥x : rank [x]) ¢ rank [ r(x1]
PRIZoN  rank Ix] < rank [p 1] , A x4 plx)
) HooNera  rank [x] & N4  24841ky 0
A RMDE , A3 Kkdn NENMITANE: X% PO

-V NN NONENTE.  presTANE  rank [x] RAST
A UZ A NEUEN(

i) HOONIOTA ronk [rix1] RASTE v MRIEREHV
Casv




el Wk rank Ix] & h-1

ODTERAZ RUDPENE  FPREDrRokADATT, I POVSfuant
mA Link (P.NE UNION) , A 2E WStvrop
BVDU vZDDY 2 RONE XORENE ...

POTENCQWALOVA" FuNKCy
: Lo 1 k&okoj KAMU rw x PRIMp(mL
POTEN LAL  Pq (X) |

CElkonl  POTENILIATL @1 =T Fa ()

NA 2000w roe §, =0 .
Zo14 BuDE runtT P, >0

et M SRS — a— e vy — S S e e @m o

) Ak x 3£ KOREN , - ALERO  rank Tx} =0, Poron™

G P, (x) = L(n) rank EXD

(i) PREpPoxuADANE, 2 X$PX] A Mnkx] 2]

level (x) := max {k | rank [pix] ZAk(mnkOr])}

LEMN et : Q¢ lgve{ (x) € 4(n).
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“/ b Ferer Cm«%

EXAM : DAtow sTuaavgy 10

DOxa2 .

rank Lp D1 2 rank DA+ = 4y (rank Dx1) |
= leet(x)20
Ain) (rank[x]) 2 A (1) 2
~ 2n rank ['p(x]
= level(x) < <) . n

o« Pobts DefF. d (n)

(ter (x) := wmax [ (] rank (PG > A( (()("“u"j)}

LENNA (ter : 1¢& iter £ rank [x]
DOKAZ | zrE>nE. iter 24

AR (1 ) -

= Atcme(y) 14 (rankDx)) > rank U-M]

7 iter & rankx] .
PEFINUINE -

B 2(n) - IX]=X v rank 0} =0 )
Lcmx)zz{ LTI }

(L) - Cevet ) : ramk [x] - iter (x) W




LEMMA 4, @ 04 94(x) £ din) rankIx]

DOWAZ .  zZREYE PUTY, AK plxI=x mnkm =0.
v DPal\on  rPRirapE -

% (X) = (‘(U\)*(QV{((!)) rank [x] - iter (x)

TKE & IE e, MENZE Gl Her(x) > 0.

KEB2E: Level (x) £ (n) -/ )
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